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Abstract

The effects of tangential strain rate on the displacement speed of turbulent premixed flames in the thin reaction zones regime are stud-
ied for three different Lewis numbers (Le = 0.8, 1.0 and 1.2) using three-dimensional compressible direct numerical simulation (DNS) of
statistically planar flames. For non-unity Lewis numbers it is shown that the variations of temperature and scalar gradient in response to
tangential strain rate on a given reaction progress variable isosurface have a profound influence on displacement speed behaviour. In the
case of Le = 0.8, temperature and tangential strain rate are found to be positively correlated at locations of zero curvature whereas the
opposite behaviour is apparent for the case of Le = 1.2. It is demonstrated that the effects of the temperature-curvature and tangential
strain rate-curvature correlations are implicitly present in the response of the temperature to local strain rate. The temperature-curvature
correlation and strain rate-curvature correlation are found to be in agreement with previous experimental results. Displacement speed
and strain rate are found to be weakly correlated in general, but their conditional joint pdf at zero curvature locations shows a negative
correlation.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Lewis number (Le) is defined as the ratio of thermal dif-
fusivity to species diffusivity. In a real premixed flame it is
difficult to define a single unique Lewis number for the
whole combustion process because of the presence of many
different species with different thermo-physical properties.
In order to simplify the analysis, a premixed flame is often
characterised by the Lewis number of the deficient reactant
[1]. A number of previous numerical and theoretical studies
have used such a definition of Lewis number in order to
analyse the effects of differential diffusion in turbulent pre-
mixed flames [1–8].

Asymptotic analysis [1] has been employed to under-
stand the effects of differential diffusion on premixed flame
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propagation in the corrugated flamelets regime [9]. Siva-
shinsky [2] analysed differential diffusion effects from the
point of view of flame-stability in non-unity Lewis number
flames. Experimental studies were carried out by Libby
et al. [3] who reported the influence of non-unity Lewis
number on strain rate effects in premixed flame propaga-
tion, and by Abdel-Gayed et al. [4] who studied the effects
of Lewis number on the turbulent burning velocity. Numer-
ical simulations [5–8] have been employed to address the
issue of differential diffusion from a number of different
aspects. Ashurst et al. [5] studied the effects of non-unity
Lewis number on global flame structure using two-dimen-
sional direct numerical simulation (DNS) with single step
chemistry, while Haworth and Poinsot [6] using similar
techniques presented the strain-curvature correlation for
non-unity Lewis number. The turbulent flame propagation
speed at non-unity Lewis number was investigated by
Trouvé and Poinsot [7] based on three-dimensional
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Nomenclature

aT flame tangential strain rate
a0 acoustic speed in fresh gas
c reaction progress variable
c* progress variable value defining flame surface
CP reference specific heat at constant pressure
CV reference specific heat at constant volume
D progress variable diffusivity
Da Damköhler number
E non-dimensional internal energy
H heat of the reaction per unit mass of mixture
k turbulent kinetic energy
l0 reference length scale
L length of the computational domain
Le Lewis number
Ma Mach number
~N local flame normal vector
P non-dimensional pressure
Pr Prandtl number
qk heat flux in kth direction
R specific gas constant
Re Reynolds number for non-dimensionalising of

the momentum equations
Ret turbulent Reynolds number
Sc Schmidt number
Sd local flame displacement speed
SL laminar flame speed
Sn normal diffusion component of displacement

speed
Sr reaction component of displacement speed
St tangential diffusion component of displacement

speed
t non-dimensional time

T non-dimensional temperature
Tad adiabatic flame temperature
T0 reactant temperaturebT instantaneous dimensional temperature
~u non-dimensional fluid velocity vector
ui ith component of non-dimensional fluid velocity
u0 reference velocity scale
u 0 non-dimensional initial root mean square fluctu-

ation velocity
_w chemical reaction rate
xi ith Cartesian co-ordinate

Greek symbols

a heat release factor
b Zel’dovich number
c ratio of specific heats
dL laminar flame thickness
g Kolmogorov length scale
jm mean curvature of the flame
k thermal conductivity
k0 reference thermal conductivity
l dynamic viscosity
q density
q0 reactant density, reference density
r surface density function (SDF)
s heat release parameter
sc chemical time scale
sf0 initial turbulent eddy turn-over time/flow time

scale
sij viscous stress
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compressible DNS, and the effects of differential diffusion
on the global behaviour of flame displacement speed were
addressed, but the effects of curvature and strain rate on
local displacement speed were not considered. Rutland
and Trouvé [8] addressed the effects of tangential strain rate
on the local rate of burning in the corrugated flamelets
regime, but the analysis was focussed on fuel consumption
rates rather than on local flame propagation. Im and Chen
[10] demonstrated the influence of differential diffusion on
local stretch effects in flame propagation behaviour using
two-dimensional DNS of H2-air flames with detailed chem-
istry. Recently, Shamim [11] investigated the effects of non-
unity Lewis number on turbulent diffusion flames under
small strain rates. Hilbert and Thévenin [12] investigated
the effects of non-unity Lewis number on the maximum
temperature attained in non-premixed flames.

Tangential strain rate is an important quantity, which
significantly affects flame propagation. Since the tangential
strain rate acting on a flame surface is dependent on the
local flame geometry, it is to be expected that tangential
strain rate and flame curvature should be interrelated [13].
In the case of non-unity Lewis numbers the effects of tan-
gential strain rate on temperature variation on an isosurface
of reaction progress variable significantly affects the local
chemical reaction rate [3,8]. Moreover, the correlation
between tangential strain rate and curvature affects the local
temperature–strain rate correlation, which in turn affects
the strain rate response of flame displacement speed. For
adiabatic, low Mach number, unity Lewis number flames
the non-dimensional temperature is equal to the reaction
progress variable, which makes the temperature distribu-
tion uniform on a given progress variable isosurface. As a
result of this, the reaction rate also becomes uniform on a
given isosurface, which makes the flame relatively insensi-
tive to stretch effects induced by the tangential strain rate.

By contrast, for non-unity Lewis number flames, it has
been found that curvature effects on flame propagation
are much greater than for unity Lewis number flames,
due to significant temperature variations within reaction
progress variable isosurfaces. In the thin reaction zones
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regime it is known that curvature effects dominate over
laminar propagation effects [9] so it is expected that tangen-
tial strain rate effects on flame propagation will be signifi-
cant in this regime due to the existence of a non-zero
strain rate-curvature correlation. In the thin reaction zones
regime, the Karlovitz number is high (Ka > 1) and the
Damköhler number is smaller than is found in the corru-
gated flamelets regime (Da 6 1). In this situation the flow
timescale is small compared to the chemical timescale,
and so the flame cannot respond quickly to hydrodynamic
perturbations and maintain its original structure [8]. This
indicates that it is important to address strain rate effects
on flame propagation for non-unity Lewis numbers in the
thin reaction zones regime.

The displacement speed of a reaction progress variable
isosurface is defined as the speed at which the surface
moves normal to itself relative to the initially coincident
material surface. Displacement speed is an important quan-
tity since it appears in the governing equations for both the
flame surface density (FSD) [13,14] and the level set (G
equation) [9] modelling approaches. In the present study,
the effects of tangential strain rate on displacement speed
in the thin reaction zones regime are addressed based on
three-dimensional compressible DNS of statistically planar
turbulent premixed flames. Curvature effects on displace-
ment speed are kept beyond the scope of the present work
and are discussed elsewhere [15]. The main objectives of the
present paper are twofold:

1. Understanding of the influences of differential diffusion
on displacement speed behaviour in response to tangen-
tial strain rate, based on three-dimensional DNS with
simplified chemistry.

2. Assessment of the modelling arguments of Peters [9] for
the thin reaction zones regime which were based on two-
dimensional DNS with detailed chemistry.

In the present study, three different DNS datasets are
considered having Lewis numbers Le = 0.8, 1.0 and 1.2
respectively. Joint pdfs of temperature and strain rate are
presented together with the corresponding conditional joint
pdfs at zero curvature locations. The temperature statistics
are found to be consistent with previous DNS [8] and
experimental studies [3]. Local effects of tangential strain
rate on displacement speed and its components are pre-
sented in terms of their joint pdfs and also in terms of con-
ditional joint pdfs at zero curvature locations in order to
understand the effect of tangential strain rate in isolation.
Strain rate effects arising from purely fluid-dynamical inter-
actions, even in the absence of complex chemistry, show
qualitative trends similar to those observed in previous
two-dimensional DNS studies with detailed chemistry
[16,17]. This is believed to be the first comprehensive anal-
ysis where strain rate effects on displacement speed at non-
unity Lewis number have been studied in isolation. The
results are likely to be of particular significance for flame
propagation modelling in the thin reaction zones regime.
Section 2 of this paper provides the necessary mathe-
matical background, and the numerical implementation is
presented briefly in Section 3. Results for the effects of
Lewis number on displacement speed in relation to tangen-
tial strain rate are presented and subsequently discussed in
Section 4. Finally, Section 5 summarises the findings.

2. Mathematical modelling

Ideally, combustion DNS should incorporate detailed
chemistry as well as the three-dimensionality of the turbu-
lent flow field. In practice, limitations of computer capacity
mean that DNS of turbulent flames must be carried out
either in two dimensions with detailed chemistry or in three
dimensions with simplified chemistry. The latter approach
is adopted here, using a single step irreversible Arrhenius
type chemical reaction, and a single reaction progress var-
iable (c) which increases monotonically from zero in reac-
tants to unity in fully burned products. The reaction
progress variable can be defined in terms of deficient reac-
tant mass fraction as:

c ¼ Y R0 � Y R

Y R0 � Y R1
ð1Þ

where subscript 0 and 1 are used respectively to denote
values in fresh gases and fully burned products. The trans-
port equation for the reaction progress variable is given by:

q
oc
ot
þ quj

oc
oxj
¼ _wþ o

oxj
qD

oc
oxj

� �
ð2Þ

where _w is the chemical reaction rate and D is the diffusiv-
ity. The chemical reaction rate for fuel–lean mixtures can
be written as:

_w ¼ B�qð1� cÞ exp � bð1� T Þ
1� að1� T Þ

� �
ð3Þ

where B* is the pre-exponential factor, a is the heat release
parameter, b is the Zel’dovich factor and T is non-dimen-
sional temperature given by:

T ¼ ðbT � T 0Þ=ðT ad � T 0Þ ð4Þ
where bT is the dimensional temperature, T0 is the initial
temperature and Tad is the adiabatic flame temperature.
The heat release parameter is a and s are defined as:

a ¼ ðT ad � T 0Þ=T ad; s ¼ ðT ad � T 0Þ=T 0 ð5Þ
It is useful for the sake of completeness to present the en-
ergy equation

oqE
ot
þ o

oxk
qukE ¼ � o

oxk
ukP þ o

oxi
skiui �

o

oxk
qk ð6iÞ

where E is stagnation internal energy given by:

E ¼ CV
bT þ ð1=2Þukuk þ Hð1� cÞ ð6iiÞ

in which CV is the specific heat at constant volume and H is
the heat of reaction per unit mass of reactants. In Eq. (5) ski



Table 1
Thermo-physical parameters used for all simulations

Ratio of specific heat (c = CP/CV) 1.4
Heat release parameter, s 3.0
Zel’dovich number, b 6.0
Reynolds number, Re = q0SLl0/l 25.0
Mach number, Ma = SL/a0 0.014159

The domain length is l0 and the speed of sound in fresh gas is a0.
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and qk are the viscous shear stress and heat flux respec-
tively, and are given by:

ski ¼ l
oui

oxj
þ ouj

oxi

� �
� 2

3
ldij

ouk

oxk
ð6iiiÞ

qk ¼ �kðobT =oxkÞ þ qDHðoc=oxkÞ ð6ivÞ
where l is the viscosity and k is the thermal conductivity. It
is evident from Eqs. (2), (3) and (6) that the relative
strength of thermal and mass diffusivity plays an important
role in heat and mass transport. The ratio of thermal diffu-
sivity to species diffusivity is the Lewis number defined as:

Le ¼ k=ðqCP DÞ ð7Þ
where CP is the specific heat at constant pressure. In the
present study k, l, CP, CV and qD are taken to be indepen-
dent of temperature. This ensures that the representative
value of Le does not change during the combustion
process.

The reaction progress variable transport equation can
be rewritten in kinematic form for an isosurface c = c* as
[16]:

oc
ot

����
c¼c�
þ uj

oc
oxj

����
c¼c�
¼ Sdjrcjjc¼c� ð8Þ

where Sd is the displacement speed of the c = c* isosurface
given by:

Sd ¼
_wþr � ðqDrcÞ

qjrcj

����
c¼c�

ð9iÞ

The displacement speed Sd is made up of three components
[18]:

Sd ¼ Sr þ Sn þ St ð9iiÞ
where the reaction component is:

Sr ¼
_w

qjrcj

����
c¼c�

ð9iiiÞ

the normal diffusion component is:

Sn ¼
~N � rðqD~N � rcÞ

qjrcj

�����
c¼c�

ð9ivÞ

and the tangential diffusion component is:

Sn ¼ �2Djm ð9vÞ
where ~N is local flame normal vector defined as:
~N ¼ �rc=jrcjjc¼c� and jm is the local mean flame curva-
ture given by: jm ¼ ð1=2Þr � ~N jc¼c� . According to this
convention the flame normal vector points towards the
reactants and flame surface curved convex towards the reac-
tants is assumed to have positive curvature. The tangential
strain rate aT acting on a c = c* isosurface is defined as:

aT ¼ ðdij � NiN jÞ
oui

oxj

����
c¼c�

ð10Þ

It is evident from Eqs. (9) and (10) that the displacement
speed and tangential strain rate are both strongly depen-
dent on local flame geometry. Since flame curvature is rep-
resentative of local flame geometry it can be expected that
curvature effects implicitly play an important role in the re-
sponse of the displacement speed to local tangential strain
rate.

3. Numerical implementation

DNS has been carried out for statistically planar flames
in a cubical domain where two of the opposing faces in the
direction of mean flame propagation are taken to be par-
tially non-reflecting boundaries, and the remaining trans-
verse faces are taken to be periodic boundaries. A similar
configuration has proved highly effective in many previous
combustion DNS studies [10,16–19]. The Navier–Stokes
Characteristic Boundary Condition (NSCBC) formalism
[20] is used to specify the partially non-reflecting boundary
conditions. The initial turbulent velocity field is generated
using a Batchelor–Townsend spectrum [21] with the help
of a pseudo-spectral method [22]. The flame is initialised
by a steady state planar unstrained laminar flame solution.
Spatial discretisation is carried out using an explicit 10th
order central difference scheme [23] in the interior, reducing
gradually to a 4th order one-sided explicit difference as the
inlet and outlet boundaries are approached. Time advance-
ment is carried out using a third order low storage Runge–
Kutta scheme [24].

The DNS grid spacing is determined by the requirement
to resolve the structure of the flame. In the present case the
laminar flame thickness is defined based on species mass
fraction after Echekki and Chen [16]:

dL ¼ 1=ðmax joc=onjÞ ð11Þ
For completeness it is worth mentioning that the thermal
flame thickness is defined as dth ¼ ðT ad�T 0Þ=max jobT =onj.
For all cases about 10 grid points are kept within both
dL and dth.

4. Results and discussion

The thermo-physical and numerical parameters for the
present study are presented in Tables 1 and 2 respectively.
For all three Lewis number cases considered, the same ini-
tial turbulence flow field is used in order to keep the same
turbulence intensity u 0/SL and the same ratio l/dth of inte-
gral length scale to flame thermal thickness. The ratio
l/dL is slightly different for the three Lewis number cases



Table 2
Length scale parameters

Numerical parameter Le = 0.8 Le = 1.0 Le = 1.2

DNS grid size 963 963 963

Normalised grid spacing, Dx/l0 0.0105 0.0105 0.0105
Initial turbulence intensity, u 0/SL 7.1907 7.1907 7.1907
Laminar flame thickness, dL = 1.0/max(joc/onj) 0.1182l0 0.1038l0 0.0926l0
Thermal thickness, dT ¼ ðT ad � T 0Þ=maxðjobT =onjÞ 0.1038l0 0.1038l0 0.1038l0
Initial integral length scale to flame thickness ratio, l/dL 1.70 1.92 2.24
Initial turbulent Reynolds number, q0u 0l/l 36 36 36
Damköhler number, Da = (l/u 0)/sc 0.39 0.48 0.58
Karlovitz number, Ka = sc/tg 13.78 11.0 9.20

The Kolmogorov time scale is given by tg.

Fig. 1. Joint pdf of non-dimensional temperature and mean curvature on
the c = 0.8 isosurface: (a) Le = 0.8; (b) Le = 1.2. Mean curvature is
normalised by 1/dL corresponding to the respective Lewis number cases.
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due to variations in dL, as evident from Table 1. For all
three cases the Karlovitz number is greater than unity
(Ka > 1) and the flames are well within the thin reaction
zones regime, and that for the present values of u 0/SL

and l/dL the flamelet assumption remains valid [9,25]. It
can be seen from Table 2 that in all three cases the
Damköhler number based on Peters’ definition [9] is less
than unity, which indicates that strain rate effects on flame
propagation are likely to be more important than for
Da > 1, as indicated by Rutland and Trouvé [8].

Ideally a premixed combustion DNS should be run for a
time tlim = max(sf0,sc), where sf0 is the initial eddy turn-
over time given by sf0 = l/u 0 and sc is the chemical timescale
defined as sc = dZ/SL where dZ is the flame thickness
defined in terms of diffusivity D and laminar burning veloc-
ity SL as dZ � D/SL. Here, for the case of Le = 0.8, one
chemical time corresponds to 2.5 initial eddy turn-over
times. The statistics presented below were collected at a
time corresponding to 2.5sf0 for all three Lewis number
cases. It is recognised that the total simulation time
remains small but is consistent with previous combustion
DNS studies [6,16,17,26].

It is clear from Eqs. (3), (4) and (9) that temperature
plays an important role in displacement speed behaviour,
since both reaction rate and density depend strongly on
temperature. The joint pdf of temperature and curvature
on the c = 0.8 isosurface is presented in Fig. 1a and b for
Le = 0.8 and 1.2 respectively. In the present study this iso-
surface lies close to the location of maximum reaction rate
and hence may be taken as a good marker for the flame
location [17,27,28]. It is evident from Fig. 1 that tempera-
ture and curvature are positively correlated in the case of
Le = 0.8 whereas the correlation is negative for Le = 1.2.
This is consistent with earlier findings from both two-
dimensional and three-dimensional compressible and
incompressible DNS [5,8,10,15].

The joint pdfs of tangential strain rate and curvature on
the c = 0.8 isosurface are shown in Fig. 2a–c for the three
Lewis number cases considered here. It can be seen clearly
that tangential strain rate is negatively correlated with
curvature for all three Lewis number cases. This is in agree-
ment with previous findings from DNS [6,27,28] and exper-
iment [29]. The negative correlation between tangential



Fig. 2. Joint pdf of tangential strain rate and mean curvature on the
c = 0.8 isosurface: (a) Le = 0.8; (b) Le = 1.0; (c) Le = 1.2. Tangential
strain rate is normalised here and in subsequent figures by SL/dL

corresponding to the respective Lewis number cases.
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strain rate and curvature is predominantly an effect of heat
release and plays an important role in the response of
displacement speed to tangential strain rate. It should be
noted that previous DNS without heat release did not
find a correlation between tangential strain rate and curva-
ture [30,31]. The explanation for this behaviour is that
streamline divergence in front of positively curved regions
of the flame induces an increased normal strain rate. More-
over defocusing of heat in the positively curved regions
gives rise to a lower value of dilatation ðr �~uÞ. Since dila-
tation is the sum of tangential and normal strain rate
ðr �~u ¼ aT þ anÞ, a lower value of dilatation and an
increased value of normal strain rate leads to a smaller
value of tangential strain rate in positively curved regions,
and vice versa.

The joint pdfs of temperature and tangential strain rate
are presented in Fig. 3a and b for the Lewis number cases
Le = 0.8 and 1.2 respectively. For Le = 0.8, it is evident
that temperature and tangential strain rate are negatively
correlated, whereas there is a weak positive correlation
for Le = 1.2. From Fig. 2a it is clear that for Le = 0.8 large
positive tangential strain rates are associated with negative
values of curvature, which in turn are associated with low
values of temperature (see Fig. 1a), leading to the observed
negative correlation between temperature and strain rate.
The opposite behaviour for Le = 1.2 can be explained in
the same way with reference to Figs. 1b and 2b. It is impor-
tant to recognise that the interdependence between tangen-
tial strain rate and curvature is manifested implicitly in
these correlations. In order to understand the effects of
tangential strain rate on temperature in isolation (without
the effects of curvature) it is instructive to look at the
conditional joint pdfs of temperature and tangential strain
rate taken at locations of zero curvature. These are pre-
sented in Fig. 3c and d for Le = 0.8 and 1.2 respectively.
It is found that for Le = 0.8, temperature and tangential
strain rate are positively correlated whereas a negative cor-
relation is observed for Le = 1.2. This is in accordance with
previous DNS [8] and the experimental results of Libby
et al. [3].

It is clear from Eq. (9) that the local variation of SDF
(j$cj) on a given c isosurface significantly affects the local
displacement speed. The joint pdfs of SDF and tangential
strain rate for the three Lewis number cases are presented
in Fig. 4, where it is evident that in all three cases SDF
and tangential strain rate are positively correlated. This
can be explained in terms of the dilatation. It can be shown
[27,28] for low Mach number flows that

r �~u ¼ aT þ an ¼
s

ð1þ sT Þ
DT
Dt

ð12iÞ

where D/Dt is the total derivative. For Lewis numbers not
very different from unity, the right-hand side of Eq. (12)
can be scaled as [28]:

s
ð1þ sT Þ

DT
Dt
� sSLjrcj ð12iiÞ



Fig. 3. Joint pdf of non-dimensional temperature and tangential strain rate on the c = 0.8 isosurface: (a) Le = 0.8; (b) Le = 1.2. Conditional joint pdf of
non-dimensional temperature and tangential strain rate on the c = 0.8 isosurface at zero curvature locations: (c) Le = 0.8; (d) Le = 1.2.
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If the tangential strain rate exceeds the dilatation

aT >
s

ð1þ sT Þ
DT
Dt

ð12iiiÞ

which leads to a negative value for an describing a strain
rate that is compressive in nature and which gives rise to
a high value of the scalar gradient and hence a high value
of SDF. The positive correlation between SDF and tangen-
tial strain rate is in agreement with previous three-dimen-
sional DNS at unity Lewis number [28] and will turn out
to be a key phenomenon.

The variation of SDF across the flame brush is shown in
Fig. 5a–c, where it is evident that in all three Lewis number
cases the highest value of SDF is found slightly towards the
burned gas side of the flame (c � 0.65), which is consistent
with previous DNS [7,26–28] and experimental results [32–
34]. The pdfs of tangential strain rate for all three Lewis
number cases are shown in Fig. 5d–f, and the observed
behaviour is found to be consistent with previous DNS
results [3,8]. For all three Lewis number cases it is clear that
the probability of finding positive tangential strain rate is
much higher than the probability of finding local negative
tangential strain rate. The strain rate pdfs and the SDF
scatter from Fig. 5 substantiates that the tangential strain
rate aT very often exceeds sSLj$cj as argued in the context
of SDF–strain rate correlation.

The joint pdfs of local displacement speed and tangen-
tial strain rate for the three Lewis numbers are presented
in Fig. 6a–c where it is evident that in all three cases there
is a weak correlation. Nevertheless the effects of curvature
are implicitly present, and hence it is instructive to look at
the corresponding conditional joint pdfs at zero curvature
locations. These are shown in Fig. 6d–f, and it is evident
that Sd and aT are negatively correlated for all three Lewis



Fig. 4. Joint pdf of SDF (j$cj) and tangential strain rate on the c = 0.8
isosurface: (a) Le = 0.8; (b) Le = 1.0; (c) Le = 1.2. SDF is normalised with
respect to 1/dL corresponding to respective Lewis number cases.
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number cases. This is consistent with laminar flame theory
[9] as well with previous two-dimensional and three-dimen-
sional DNS studies [16,17,27]. It can be seen from Eq. (9iii)
that the tangential diffusion component of displacement
speed St is identically zero at zero curvature locations, so
the conditional joint pdf essentially describes the behaviour
of (Sr + Sn) with respect to tangential strain rate. This con-
firms the argument of Peters [9] that (Sr + Sn) contains the
strain rate information, and implies that a model for
(Sr + Sn) should include strain rate effects in order to
address flame propagation behaviour in the thin reaction
zones regime.

The behaviour of the different components of displace-
ment speed (Sr, Sn and St) is of interest in order to
explain the observed weak correlation between displace-
ment speed and tangential strain rate (Fig. 6a–c). The
joint pdfs of Sr and tangential strain rate are presented
in Fig. 7a–c for Le = 0.8, 1.0 and 1.2 respectively. It is
clear from Fig. 7a that Sr is negatively correlated with
tangential strain rate for Le = 0.8. It was shown in
Fig. 3a that for Le = 0.8 the local temperature and tan-
gential strain rate are negatively correlated, which causes
the reaction rate to decrease and the density to increase
with increasing tangential strain rate. This results in a
negative correlation between the reaction rate per unit
mass ð _w=qÞ and tangential strain rate. Since SDF (j$cj)
increases with tangential strain rate, it also tends to
decrease Sr. As a result of these two mechanisms Sr and
aT are negatively correlated in the case of Le = 0.8 (see
Fig. 7a). In the case of unity Lewis number, ð _w=qÞ
remains uniform on a given c isosurface, but the positive
correlation between SDF and tangential strain rate pro-
duces a negative correlation between Sr and tangential
strain rate, as evident from Fig. 7b. In the case of
Le = 1.2, the local temperature is weakly positively corre-
lated with tangential strain rate which acts to increase
ð _w=qÞ with tangential strain rate, but the positive correla-
tion between SDF and tangential strain rate opposes this
effect. The competition between these two counter-acting
mechanisms results in a weak correlation between Sr

and tangential strain rate (see Fig. 7c).
It is evident that for all three Lewis number cases the

positive correlation between SDF and tangential strain rate
tends to decrease Sr. In the case of Le = 0.8 this effect is
opposed by the positive correlation between temperature
and tangential strain rate at zero curvature locations
(Fig. 3c). The temperature–strain rate correlation is the
stronger, and the positive correlation between Sr and tan-
gential strain rate prevails at the zero curvature locations,
as evident in Fig. 7d. In the case of Le = 1.2, at zero curva-
ture locations the temperature is negatively correlated with
tangential strain rate (Fig. 3d), which leads to a negative
correlation between the conditional reaction rate and tan-
gential strain rate and hence to a negative correlation
between Sr and tangential strain rate at zero curvature
locations as apparent from Fig. 7f. For the Le = 1.0 case
the positive correlation between SDF and tangential strain



Fig. 5. Scatter of SDF normalised by (1/dL) over the flame brush: (a) Le = 0.8; (b) Le = 1.0; (c) Le = 1.2. Pdfs of tangential strain rate on isosurfaces of
progress variable: (d) Le = 0.8; (e) Le = 1.0; (f) Le = 1.2. In the plots the progress variable runs from c = 0.1 to 0.9 in steps of 0.2.
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rate is entirely responsible for the negative correlation
observed between Sr and tangential strain rate at zero cur-
vature locations. These results are in agreement with the
experimental findings of Libby et al. [3].



Fig. 6. Joint pdf of normalised displacement speed (Sd) and tangential strain rate on the c = 0.8 isosurface: (a) Le = 0.8; (b) Le = 1.0; (c) Le = 1.2.
Conditional joint pdf of Sd and tangential strain rate on the c = 0.8 isosurface at zero curvature locations: (d) Le = 0.8; (e) Le = 1.0; (f) Le = 1.2. In this
and subsequent figures the displacement speed and its components are normalised by the unstrained laminar flame speed SL.
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Fig. 7. Joint pdf of normalised reaction component of displacement speed (Sr) and tangential strain rate on c = 0.8 isosurface: (a) Le = 0.8; (b) Le = 1.0;
(c) Le = 1.2. Conditional joint pdf of Sr and tangential strain rate on the c = 0.8 isosurface at zero curvature locations: (d) Le = 0.8; (e) Le = 1.0; (f)
Le = 1.2.
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Fig. 8. Joint pdf of normalised normal diffusion component of displacement speed (Sn) and tangential strain rate on the c = 0.8 isosurface: (a) Le = 0.8;
(b) Le = 1.0; (c) Le = 1.2. Conditional joint pdf of Sn and tangential strain rate on the c = 0.8 isosurface at zero curvature locations: (d) Le = 0.8; (e)
Le = 1.0; (f) Le = 1.2.
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Fig. 9. Joint pdf of normalised tangential diffusion component of
displacement speed (St) and tangential strain rate on the c = 0.8
isosurface: (a) Le = 0.8, (b) Le = 1.0, (c) Le = 1.2.
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The reciprocal of SDF (j$cj) can be taken as a measure
of local flame thickness d, and so the positive correlation
between SDF and tangential strain rate implies that d
decreases with increasing tangential strain rate. The normal
diffusion rate ~N � rðqD~N � rcÞ in the reaction zone scales
as (�qDd�2) whereas the SDF itself scales as d�1. As a
result of this, Sn (see Eq. (9iv)) varies with d as (�Dd�1).
An increase in tangential stain rate decreases d, which even-
tually decreases (�Dd�1) as well. This is reflected in the
negative correlation observed between Sn and tangential
strain rate for all three Lewis number cases (see Fig. 8a–
c), and the same physical mechanism is also valid for the
corresponding zero curvature conditional joint pdfs (see
Fig. 8d–f).

The joint pdfs of the tangential diffusion component St

and tangential strain rate are presented in Fig. 9a–c for
the three Lewis numbers, and all show a positive correla-
tion. Since St is proportional to the negative of local curva-
ture (Eq. (9iii)), and since curvature and tangential stain
rate are negatively correlated, St is positively correlated
with tangential strain rate and this opposes the effects of
the negative correlation between (Sr + Sn) and tangential
strain rate. As a result, local displacement speed Sd does
not show any appreciable correlation with local tangential
strain rate. This clearly demonstrates the indirect effects of
curvature on the strain rate response of displacement speed
in the thin reaction zones regime.

It has been shown analytically by Joulin [35] that for
high frequency perturbations the effect of strain rate disap-
pears. DNS studies by Chen and Im [17] and Chakraborty
and Cant [28] confirmed that the correlation between Sd

and aT decreases with increasing turbulence fluctuation
level. This study also shows weak correlation between local
Sd and aT. Strain rate effects on displacement speed are
expected to be much weaker for very high turbulence
intensities when flame approaches the broken reaction
zones regime. The conditions at which the Lewis number
effects on the correlation between displacement speed and
tangential strain rate disappear will be addressed in future
studies.

5. Conclusions

The present study leads to a number of important con-
clusions which are summarised below:

1. The correlation between temperature and curvature
affects the strain rate response of temperature through
the correlation between tangential strain rate and curva-
ture. The temperature-curvature correlation is positive
(negative) for the Le = 0.8 (Le = 1.2) case. For the unity
Lewis number case, the temperature remains uniform on
a given reaction progress variable isosurface. The corre-
lation between tangential strain rate and curvature is
found to be negative for all Lewis numbers considered
here which is consistent with previous DNS and experi-
mental results [6,26–28].
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2. The correlation between temperature and strain rate is
positive at zero curvature locations for the Le = 0.8
case. By contrast, this correlation is negative for the
Le = 1.2 case. This is in agreement with previous exper-
imental results from stagnation point flames [8].

3. It is shown that for all cases considered here the SDF
and tangential strain rate are positively correlated which
indicates that the local flame thickness decreases with
increasing tangential strain rate.

4. The combined effects of the local temperature–strain
rate and SDF–strain rate correlations lead to a negative
correlation between the reaction component of displace-
ment speed Sr and tangential strain rate for the Le = 0.8
case. This correlation is weak for the Le = 1.2 case. A
positive SDF–strain rate correlation leads to a negative
correlation between Sr and tangential strain rate for the
unity Lewis number case.

5. The conditional joint pdf between Sr and tangential
strain rate at zero curvature locations shows a positive
correlation for the Le = 0.8 case and a negative correla-
tion for the Le = 1.2 case. Flame thinning associated
with high values of tangential strain rate leads to a neg-
ative correlation between Sr and tangential strain rate
for the unity Lewis number case.

6. Local flame thinning in response to high values of tan-
gential strain rate leads to a negative correlation
between the normal diffusion component of displace-
ment speed Sn and tangential strain rate in the reaction
zone for all Lewis number cases considered here.

7. A weak correlation is observed between local displace-
ment speed Sd and tangential strain rate. However, the
conditional joint pdf of Sd and tangential strain rate at
zero curvature locations reveals a negative correlation.
Previous two-dimensional DNS with detailed chemistry
[16,17] revealed similar qualitative behaviour, which is
captured in the present study even in the absence of
detailed chemistry and is due purely to the fluid-
dynamical aspects of the flame-turbulence interaction.
At zero curvature locations, the tangential diffusion
component of displacement speed St is identically zero,
which indicates that the conditional joint pdf of Sd and
tangential strain rate at zero curvature locations is
essentially identical to the joint pdf between (Sr + Sn)
and tangential strain rate. The joint pdf of the tangen-
tial diffusion component of displacement speed St and
tangential strain rate reveals a positive correlation
because of the negative correlation between tangential
strain rate and curvature. This indicates that in the
absence of additional curvature effects, (Sr + Sn) con-
tains all the strain rate information. This finding
confirms the argument of Peters [9] for the modelling
of displacement speed in the thin reaction zones
regime.

8. As (Sr + Sn) and tangential strain rate are correlated, it
is necessary to take strain rate effects into account in the
modelling of (Sr + Sn). In addition, strain rate effects
appear indirectly through the correlation between tan-
gential strain rate and curvature which also needs to
be accounted for in the modelling framework. This is
of particular importance in the context of large eddy
simulation (LES).

In the present study, the response of turbulent premixed
flame propagation to variations in tangential strain rate is
correctly captured using simplified chemistry by accounting
for differential diffusion effects. Based on the agreement
between two-dimensional detailed chemistry DNS and
three-dimensional simple-chemistry DNS, it is unlikely that
three-dimensional DNS with detailed chemistry would
reveal any radically new behaviour. However the present
findings are mainly of qualitative importance. For quanti-
tative analysis, three-dimensional DNS with detailed chem-
istry is still a requirement for future work.
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